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With the means of Schrödinger equation a two electron problem is considered. It is shown that electrons 
in a periodic potential might experience effective attraction without any mediating agents; which means 
electrons in HTSC might have effective attraction potential. 
 
 
71.10.Li; 74.20.Mn 
 
Despite being under attack for almost twenty-five years there is no yet a commonly accepted solution for 
the problem of high temperature superconductivity1. Among different approaches there are theoretical2 
and experimental3 views propelling the idea that electrons in cuprates do not need any mediating agents to 
experience effective attraction. If that is a case, one would expect that a two electron problem would have 
solutions corresponded to effective attraction between the electrons. To examine this hypothesis we write 
Schrödinger equation (1) for two electrons interacting with each other and with the lattice and the rest of 
the electron system 
−
1
2 Δ1 −
1
2 Δ2 +U1 +U2 +V12
⎡
⎣⎢
⎤
⎦⎥
Ψ12 = EΨ12 .                                      (1) 
In (1) Planck’s constant and electron mass are set to unity; Ψ12 is a space part of an antisymmetric wave 
function for two electrons; Ui describes interaction between i-th electron ( i = 1,2.) and the lattice and the 
rest of the electron system (N – 2 electrons); V12  describes interaction between the two electrons. We 
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assume that  Ui (
r +

R) =Ui (
r )where  

R is any of the lattice vectors (this assumption is based on the 
assumption that electron density of N – 2 electrons is periodic or almost periodic in space and resembles 
periodic properties of the lattice); and  V12 = V (|
r1 −
r2 |) . The simplest way to account for interaction 
between the two electrons and the rest of the electron system is by stating the requirement that the two 
electrons cannot occupy individual states occupied by all other electrons4. If interaction term V12were 
small one could use a perturbation theory. However a strong Coulomb repulsion makes this problem 
difficult to analyze. The idea is to replace the actual interactions with some effective ones, which would 
allow application of a perturbation theory.  
Let us rewrite equation (1) as following 
−
1
2 Δ1 −
1
2 Δ2 +U1eff +U2eff +W12
⎡
⎣⎢
⎤
⎦⎥
Ψ12 = EΨ12 .                                      (2) 
In (2) we assume W12 is small, and  Ui eff (
ri +

R) =Ui eff (
ri ) . In that case perturbation theory allows us to 
write 
 E = ε p1 + ε p2 + E
(1) + E (2) + ...;             
 
Ψ12 ≈ Φ12 =
1
2 {ψ
p1 (
r1)ψ p2 (
r2 ) +σψ p2 (
r1)ψ p1 (
r2 )} .              (3) 
In (3) σ = ±1 (depending on the spin configuration); and  ψ p (
r )  represents an orthogonal set of 
normalized Bloch or Wannier wave functions satisfying equation (4) 
 
−
1
2 Δ +Ueff
⎡
⎣⎢
⎤
⎦⎥
ψ p (
r ) = ε pψ p (
r ) .                                                (4) 
The success of the calculation is heavily based on the choice of effective term Ueff . Since a strong 
Coulomb repulsion plays the major role, we are looking for a way to “extract” it from term V12 and include 
it in terms Ui eff . In the spirit of Hartree-Fock approximation we could write  
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V12 ≈ V (|
r1 −
r2 |)∫ ρ(r2 )dr =
1
2 V (|
r1 −
r2 |)∫ ρ(r2 )dr2 +
1
2 V (|
r1 −
r2 |)∫ ρ(r1)dr1 ;             (5a) 
with        
 
ρ(r ) = |Ψ(r1,
r ) |∫
2dr1 = |Ψ(
r , r2 ) |∫
2dr2 .                                          (5b) 
This gives us an idea on how to include Coulomb repulsion into terms Ui eff . To achieve this goal let us 
write the effective interaction terms as the following 
 Ui eff (
ri ) =Ui (
ri ) + Ci (
ri ) ;            
 
Ci (
ri ) =
1
2 V (|
rj −
ri |)∫ ρ(rj )drj .                   (6) 
The effective interaction between the two electrons can be written now in the following form 
 W (
r1,
r2 ) = V (|
r1 −
r2 |) − C(
r1) − C(
r2 ) .                                               (7) 
According to our assumption effective interaction term (7) is small enough to apply a perturbation theory.  
If we use an approximate expression (3) for wave function Ψ12 , expression (5) gives  
 
ρ(r ) ≈ |Φ(r1,
r ) |∫
2dr1 =
1
2 (1+σδ
p1
p2 ){|ψ p1 (
r ) |2 + |ψ p2 (
r ) |2} = |ψ
p1 (
r ) |2 + |ψ p2 (
r ) |2
2 .       (8) 
In (8) we make a natural assumption that paired electrons have different momenta. Expressions (4), (6) 
and (8) are self-consistent in terms of periodic properties, i.e. if  ρ(
r ) is periodic, so are  C(
r )  and 
 Ui eff (
ri ) , and vice versa.  
The first correction to the energy E (1) is provided by a standard expression (9) 
 
E (1) = Φ12* W12Φ12∫ dr1dr2 .                                                         (9) 
If electrons are mostly localized (which is also a natural assumption for electrons in a narrow energy 
band) we assume that only on-site repulsion plays the major role. In a spirit of a Hubbard model we 
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replace the exact Coulomb interaction with a Dirac delta-function,  V12 = λδ (
r1 −
r2 )  (λ > 0 ). A calculation 
of the first correction to the energy gives in that case  
 
E (1) = λ2 (1+ 2σ ) |ψ
p1 (
r ) |2 |ψ p2 (
r ) |2∫ dr −
1
2 {|ψ
p1 (
r ) |4 + |ψ p2 (
r ) |4}∫ dr⎡⎣⎢
⎤
⎦⎥
.               (10) 
Expression (10) leads to a conclusion that if electrons have parallel spins (σ = −1), the first correction to 
the interaction energy is negative, which means such electrons are effectively attracting each other. 
The perturbation theory is applicable only if effective interaction W12 is small, i.e. if (for all allowed 
states) 
 | (W12 ) p1 p2 q1 q2 | << | ε p1 + ε p2 − ε q1 − ε q2 | .                                          (11) 
Expression (11) means that, when calculated for all allowed states, values of 
 Δε = | ε p1 + ε p2 − ε q1 − ε q2 | should be at least limited from below by some positive number 0 < Δε lim < Δε . 
For free particles 
 
ε p =
p2
2 , hence limit 0 < Δε lim does not exist (there are states with Δε = 0 ).  
As long as both terms  Ui eff (
ri )  are periodic, for a narrow energy band Eq. (4) gives spectrum  ε p  
corresponded to the symmetries of the lattice, for example for a square 2D lattice (with Rx = Ry = 1) 
energy spectrum is  ε
p ≈ −t(cos(px ) + cos(py )) . If we set  
p1 = −
p2we have  Δε =| 2ε p1 − ε q1 − ε q2 | and limit 
0 < Δε lim does not exist.  
There is however another possibility, when  ε
p1 + ε p2 = 0 and all electron states below a certain positive 
energy level εmax  are occupied ( 0 < εmax < 2t ; without a further analysis we should not call εmax a Fermi 
level). In that case Δε lim = 2εmax ; and the second correction to the energy of the two electrons is negative, 
too. A similar idea was used for introducing a model Hamiltonian for a system of electrons with effective 
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attraction between electrons having the same group velocity5; now there is a theoretical base for this view 
(
 
∂ε p1
∂p1
=
∂ε p1
∂p1
; => sin p1x,y = sin p2x,y ; => cos p1x,y = − cos p2x,y ; => ε p1 + ε p2 = 0 ).  
The offered analysis supports the notion that electrons in a periodic potential can experience effective 
attraction without any mediating agents.  Further investigation is needed to analyze how a deviation from 
the assumptions made above would affect the conclusion. 
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